INTRODUCTION
IN HIS WORK on complex cobordism [ 181 Novikov introduced a spectral sequence converging to the stable homotopy of a space, depending only on the complex cobordism of the space as a module over the ring of primary complex cobordism operations. This spectral sequence can be localized at a prime p and one can work, as Novikov did, with the smaller theory, BP*( ), known as Brown-Peterson cohomology [5] . Adams [4] translated the construction into homology, and we have:
ET*(X) = Ext%&P(BP*, BP,(X)) + V$ (X),,,.
Novikov computed the first line, ExtkB.BP (BP,, BP,), of the spectral sequence for X a sphere and showed that for p odd it was canonically isomorphic with the image of J. Later, Quillen's work[l9], [4] gave a good grip on the structure of the BP operations and was used by Zahler [24] for low dimensional calculations. Quillen's results, together with Hazewinkel's construction [6] of algebra generators for Iz), I= 2(p" -l), and the existence of the cobar construction for BP [12] (see Section 3) , have now made computations with the Novikov spectral sequence really feasible.
The ideals 1, = (P, ~1,. . . , vn-,I c BP,,
OIn <co, are invariant under the action of BP operations. In fact, they exhaust the list of invariant prime ideals [9] . Thus BP,/&, is a BP,BP comodule, and a theorem of Landweber [9] implies that for O<n<m Ext%,dBP*, BP,/L) = Fp[vnl.
The purpose of this paper is to give proofs of our calculation of Ext&&BP*, BP,/I,) = Ext%&BP*,
BP*/I.).
These results were announced in [14] . Because of the realizability of BPJI,, as BP,(X) for n = 1,2,3,4, and p > 2(n -l)(n = 2, [2] ; n = 3, [21]; IE = 4, [22] ), these computations have immediate applications to stable homotopy (see [7] ). In particular, the calculation of Extk5,BP(BP*, BP,/(p)) and Extk,**B,(BP,, BP&p, u,)) are essential first steps in our work with Ravenel on computing Ext$:.Bp(BP*, BP,) and detecting the entire gamma family of stable homotopy elements [l3] .
In 91 we state our main results and complete the description of Extkg,Sp(BP*, BP,/I,,) for an odd prime p by quoting work of Morava and Moreira. The necessary information on BP is then recalled and in Section 3 we construct the cobar complex. Next we compare BP,BP with the Hopf algebra dual to the reduced powers and thereby handle the case n = 00. The other cases are proved in Section 5 by constructing elements and using a downward induction on n. In the last section we apply this result to classify invariant ideals containing I, and generated by n + 2 elements.
Throughout this paper p will denote a prime and BP will be the Brown-Peterson spectrum associated with p.
We would like to thank Dave Johnson whose joint work with the second author on BP 131 operations [8] led us naturally into this area of research. We also thank Raph Zahler whose early partial results on Ext',*(BP,, BP,/(p)) [25] stimulated our interest in the problem. We are grateful to both of the above for helping to find applications of this work to stable homotopy [7] . mod v,-torsion; for n = 1, we have everything. To complete our description we state the main property of the remaining free summand for n > 1. This was conjectured by us in [14] . The actual construction of the extra generator w, is very complicated and is done explicitly by Moreira in his thesis. 
which generates a free F,[v,]-module summand and reduces to Of p,(w,) = v~,+--.+pn~Zh,_,.
For example, a representing cycle for w 2 in the cobar construction is given by v*tlp(p+') + Vltl" -v*?* -v2t2P.
The main technical result we need for all of our computations concerns the right unit, nR : BP, + BP,BP. 
RECOLLECTIONS ON BP AND BP,BP
We begin by reviewing the necessary facts about BP (see [19] and [4] ). Fix a prime p, There is an associative ring-spectrum BP with homology algebra H,(BP; Z) = GJm,, m2,. . .I for canonical generators m,, Im,l = 2(p" -1). Thus by the Ktinneth theorem,
H,(BP A BP; Z) = H,(BP; Z)[t,, tz,. . .I_ '
where It,1 = Z(p" -1); and t, may be chosen inductively so that to = 1 and If we allow Q. and qR to describe left and right H,BP-module structures on H,(BP A BP) then we have for any spectrum X a diagram The identities recorded in [3] which are satisfied by nL, nR, E, A, c, are easily seen to be precisely the axioms for a cogroupoid object in the category of commutative graded rings. Since groupoids have bar constructions, we may expect objects such as BP,BP to have cobar constructions, and we turn now to this device [ 121. Fix a commutative ring K. Let A and I be commutative graded K-algebras equipped with K-algebra morphisms nL, nR : A + r, E : r + A, A: I + I aA I, c : r + r, satisfying the axioms for a cogroupoid object [3] . It is routine to check that this is the derived functor of Homr(A, -) as described by Adams [4] . We mention some immediate applications of this construction.
3.3
An ideal I C A is invariant iff it is a subr-comodule under the coaction 3.2. Denote by r/1 the K-algebra (A /I) @A r = r @ A (A/I). Then the structure maps qr, qR, E, A, c, factor through A /I and r/1. If M is a lY-comodule such that IM = 0, then M is naturally a r/I-comodule and clearly s1(T; M) = Q(r/1; M). Thus: 
3.5

P4.MORE ON BP
We return now to BP*BP. Let I,, denote the ideal (p, vl,. . . , v,-,) c BP, for 0 i n cr m. By induction using 2.5 and 2.1 it is easy to see that I, is invariant. We are concerned with Ext**(BP,, BP,/I,) where we have omitted the subscript BP,BP.
Since BP, = 0 = BP,BP unless t = 0 mod q = 2(p -I), the cobar construction and hence also Ext**(BP,, BP,/I, j exhibits the same sparseness [23] in internal degree.
In homological degree 0 we have by Novikov These long exact sequences will be the basis of an inductive calculation in OS. For II = 00, we need the following result. We begin with our basic technical lemma. We leave the easier case n = 1 to the reader. Thus for n > 1,
7j7R(un+*)=pt,+* t V"tlP" t I&+, -p""-'u,t,P" -2 fi~R(d-i). i=l
This holds mod (vl, . . . , II_,) c I, by the above remarks; so continuing mod In, T/R(D"+l) = DJIP" + v,+1-tlu"".
Here we have used the fact that TR(&) = vk mod Ik.
Remark. D. C. Ravenel [20] has proved a beautiful generalization of this lemma, and we expect his formulas to be very useful. For example, they are essential in Moreira's proof of Theorem 1.5.
Our 
where s-l=i mod n, Osi<n.
Proof, We work mod&,. Recall that for x, y E BPS/I,, d(x) = v~(x)-nL(x) = nR(x)-x modI, by 3.3, and that qR(xy) = nR(x)nR(y). In case n = 0 we have qR(v,) = v, Spt, and the result is straightforward. In case s = 0 or a = 1, both assertions are clear from the congruence duzc:
= av,Psvf;;)P"tlP"+" mod ~~2~'. 5.4 which is a consequence of Lemma 5.1. The other cases result similarly from the following consequences of 5.1:
Un+2) ~ v$Jl)P't,"'+" _ v~~;l)P'~'r,P'-' mod zI,P'-' 5.5 d(vz~:l",:"""+) ~ v~~~*)P*"+'[vnP~t~,~"+it p'"-i+""+i_ vR'*-""+i+lt~'*~""+'] mod v"p*"+i 5.6 dv2V-* = _ v,P~~*v):aP-l)P~-'tlPs~' _ V,PS~'v~-')P'~'t,P~2
_ v,P'~'v~~2~P~-'+~~~2~,P= mo,j v,~=-'+~r-2.
5.7 d(v~-2)P'-'v 3Ps-2) 3 v~-2)Pr-'+PEm2t,P" _ V:Llp-l)~sm't,~sm2 mo,j v,~sm2.
5.8
Remark. If 0 < s 5 IZ, a > 1, than dv% and d&(ap") are divisible by the same power of vn, but v,? d&(ap") has a more convenient value modulo I,,,. carrying hi to hi and c;(r) to C,(I). We must show that fn is injective and has torsion-free cokernel.
The ( is exact and the left group is Fp[un+,], (i) implies that Tor (F,, fn) surjects. So the induction is complete. Since L was arbitrary this finishes the proof for n > 0. For IZ = 0 it suffices to show that p&(r) # 0 for r > 0. This follows from (iii) and from (a) for n = 1. It is elementary that there is no torsion-free part.
Remark. As one can see by the simplicity of the proof, the work is mostly done in the finding of the numbers qn (r) and the cycles c,(r). At the request of the referee we comment on how we arrived at these formulas. Our insight came from computing Extl,*(BP,, BP,/(p)) for p = 3 up through dimension 7776. 
INVARIANT IDEALS
Recall that I c BP, is invariant iff it is a subBP,BP-comodule. Our goal in this section is to classify all invariant ideals of the form (I,,, x, y), n LO, for p odd and n 2 2 for p = 2. Computations of Ext groups are useful in this direction because of the following observation. Our primary interest is in invariant ideals containing I, generated by n + 2 elements and no fewer. By 6. so we may take x to be v,', for some t > 0. Thus the problem of classifying all invariant ideals (I", x, y) is reduced to classifying invariant ideals of the form (I", o,*, y) . Again, by the above discussion, the following computation will allow us to complete our classification. Proof. The first two parts are proved in discussion throughout the section. Their worth comes from the computation 6.3. Part (c) is straightforward.
The proof of Corollary 1.3 in the introduction follows from 6.3, 6.4, and the construction of the elements G,(r).
See [lo] for a more general discussion of invariant regular ideals.
